We present the general formalism for studying CP-violating phenomena in the production, mixing and decay of a coupled system of CP-violating neutral Higgs bosons at high-energy colliders. Considering the Minimal Supersymmetric Standard Model (MSSM) Higgs sector in which CP violation is radiatively induced by phases in the soft supersymmetry-breaking third-generation trilinear squark couplings and gaugino masses, we apply our formalism to neutral Higgs production viabb, gg and W + W − collisions at the LHC. We discuss CP asymmetries in the longitudinal and transverse polarizations of τ + τ − pairs. 
Introduction
If supersymmetry (SUSY) turns out to be realized at low energies < ∼ 1 TeV [1] , the following interesting questions will then arise: does SUSY make observable contributions to the violation of either flavour or CP? Even in the minimal supersymmetric extension of the Standard Model (MSSM), the soft SUSY-breaking sector may include about a hundred parameters that violate these symmetries. However, if one imposes flavour conservation on the soft SUSY-breaking parameters m 0 , m 1/2 and A, and assumes that they are universal, then only two physical CP-violating phases remain: one in the gaugino masses m 1/2 and one in the trilinear couplings A.
These CP-violating phases may in principle be measured directly in the production cross sections and decay widths of sparticles at high-energy colliders [2, 3] , or indirectly via their radiative effect on the Higgs sector [4] 1 . The Higgs sector of the MSSM is affected at the one-loop level by the trilinear phase [4, [10] [11] [12] [13] [14] [15] [16] [17] and at the two-loop level by the gaugino mass phase [12] [13] [14] [15] . This loop-induced CP violation mixes the CP-even Higgses h, H with the CP-odd Higgs boson A. Many studies have been made of the masses and couplings of the resulting mixed-CP Higgs bosons H 1,2,3 , and some of their phenomenological consequences for searches at LEP and future colliders have also been considered [18] [19] [20] [21] [22] [23] [24] [25] [26] .
More complete studies of CP-violating Higgs bosons will require a careful treatment of the resonant mixing of multiple Higgs bosons that couple to the same initial and final states. In general, one could expect that the CP-violating mixing of the heavier MSSM Higgs bosons H, A may be more important than their mixings with the lightest CP-even Higgs boson h. However, non-negligible mixing among all three neutral Higgs states is also possible in a general CP-violating MSSM. Such a scenario naturally emerges from a parameter space where tan β is large, i.e. tan β > ∼ 30, and the charged Higgs bosons H ± are relatively light with M H ± < ∼ 160 GeV. In this paper, we develop the general formalism for describing the dynamics that governs the production, mixing and decay of a coupled system of CP-violating neutral Higgs bosons. Our formalism makes use of the field-theoretic resummation approach developed in [27] to treat unstable particle-mixing transitions. Within the context of gauge theories, it is important that resummation approaches to unstable particles consistently maintain crucial field-theoretic properties, such as gauge invariance, analyticity and unitarity [28] . It has been shown in [28, 29] that all these properties are preserved within the framework of the Pinch Technique (PT) [30] . Here, using the PT, we compute the gauge-mediated 1 Additional indirect constraints on the soft SUSY-breaking phases and the MSSM mass spectrum may be obtained from experimental limits on electric dipole moments (EDMs) [5] [6] [7] and B-meson observables [8, 9] . diagonal as well as off-diagonal absorptive parts in the resummed Higgs-boson propagator matrix. Finally, an essential ingredient of our formalism is the inclusion of the CP-violating loop corrections in the production and decay vertices of the Higgs bosons.
We illustrate our general formalism for the coupled-channel H 1,2,3 mixing by explicit treatments of the production processes gg, bb 2 and W + W − → H 1,2,3 → τ + τ − . These are the most important production mechanisms for neutral Higgs bosons at the LHC, while the decay channel that seems the most promising for studies of CP violation is that into τ + τ − pairs. Although our predictions are obtained in the MSSM with explicit CP violation, it is important to stress that large CP-violating effects could also occur in a general CP-violating 2-Higgs-doublet model with a similar Higgs-boson mass spectrum. Our presentation is organized in such a way that the formalism may easily be extended to Higgs production at other colliders. For instance, our formalism can be applied to γγ colliders [25, 32] , which are analogous to gg collisions at the LHC, to µ + µ − colliders [26] , which have formal similarities with bb collisions at the LHC, and to W W -fusion and Higgsstrahlung processes at e + e − linear colliders [33] .
Section 2 presents the general formalism for the coupled-channel analysis of Higgs bosons, including explicit formulae for the absorptive parts of the Higgs-boson propagator matrix and the vertex corrections. In Section 3, we apply the results of our formalism to the production channels gg, bb, W + W − → τ + τ − at the LHC. In Section 4 we present numerical estimates of particular CP-violating MSSM scenarios that exhibit large CP asymmetries. Our numerical estimates are based on the Fortran code CPsuperH [34] . Finally, Section 5 contains our conclusions and discusses the prospects for pursuing studies of Higgs-sector CP violation at future colliders beyond the LHC.
2 Formalism for Coupled-Channel Analyses of Higgs-
Sector CP Violation
We consider situations where two or more MSSM Higgs bosons contribute simultaneously to the production of some fermion-antifermion pair whose polarization states can be measured. We treat explicitly the example of H 1,2,3 → τ + τ − , but the formalism could easily be adapted to other cases such as tt, χ
There have been extensive discussions of the masses and couplings of MSSM Higgs bosons mixed by loop-induced CP violation [10] [11] [12] [13] . To account properly for the constraints that CPT invariance and unitarity imposes on the cross sections [27] , we must consider the full off-shell propagator matrix for mixed MSSM Higgs bosons, including off-diagonal absorptive parts.
The absorptive part of the Higgs-boson propagator matrix receives contributions from loops of fermions, vector bosons, associated pairs of Higgs and vector bosons, Higgs-boson pairs, and sfermions: 8) where
We follow the convention of CPsuperH [34] for the mixing matrices of the stops Ut, sbottoms Ub and staus Uτ .
There are formulae analogous to those above for the loop corrections to the H 1,2,3 tt vertices, which would be relevant for CP-violation measurements in e − e + → ννtt [33] , for example.
Analogous exchanges of binos and winos give finite loop-induced corrections to the H 1,2,3 τ + τ − coupling, which have a similar structure: 10) where
The threshold corrections modify the couplings of the neutral Higgs bosons to the scalar and pseudoscalar fermion bilinears as follows [20] : (2.12) where f = b and τ − and Additional contributions to Higgs-boson vertices may arise from absorptive effects due to the opening of third-generation sfermion pair production channels. However, if the H 1,2,3 -boson masses are well below the kinematic threshold of such production channels, these absorptive effects are small and can be neglected. Finally, we remind the reader that detailed analytic expressions for the effective Higgs-boson couplings to the photon, the gluon, the W ± bosons and SUSY particles are given in [34] .
Tau Pair Production at the LHC
To further elucidate the formalism presented in Section 2, we now discuss in more detail the production, mixing and decay of Higgs bosons into polarized τ + τ − pairs at the LHC.
We will study individually the three most significant production channels for Higgs bosons in the MSSM at the LHC: (i) bb fusion, (ii) gg fusion and (iii) 
bb Fusion
At large tan β, an important mechanism for producing neutral Higgs bosons at the LHC is bb fusion [31, [37] [38] [39] . Figure 1 illustrates how the matrix element M bb for bb → τ + τ − receives contributions from the s-channel exchanges of the neutral Higgs bosons. The loopcorrected propagator matrix and vertices calculated in the previous section are indicated by shaded circles. The matrix element can be written as 1) where P α = (1 + αγ 5 )/2. We denote the helicities of τ − and τ + by σ andσ and those of the b andb by λ andλ, respectively, with σ, λ = + and − standing for right-and left-handed particles. The four-momenta of the τ − and τ + are p 1 and p 2 , respectively, those of the b andb are k 1 and k 2 , respectively, andŝ is the centre-of-mass energy squared of thebb pair that fuses into a Higgs boson:
An important element of our formalism is the consideration of the 'full' 3 × 3 Higgsboson propagator matrix D(ŝ) in (3.1) 3 . This is given by
3 Strictly speaking, the complete propagator matrix D(ŝ) is a 4 × 4-dimensional matrix spanned by the basis (H 1 , H 2 , H 3 , G 0 ) [27] . However, to a good approximation, we may neglect the small off-resonant self-energy transitions of the Higgs bosons H 1,2,3 to the neutral would-be Goldstone boson G 0 .
The τ + τ − production plane with definitions of the scattering angle Θ. The transverse polarization vectors P T andP T have azimuthal angles α andᾱ, respectively, with respect to the event plane.
In the above, the absorptive parts of the Higgs self-energies ℑm Π ij (ŝ) are given in Section 2 and M H 1,2,3 are the one-loop Higgs-boson pole masses, where higher-order absorptive effects on M H 1,2,3 have been ignored [15] . In the same context, the off-shell dispersive parts of the Higgs-boson self-energies in the Higgs-boson propagator matrix D(ŝ) have also been neglected, since these are formally higher-order effects and very small in the relevant Higgsboson resonant region. Finally, we include in (3.1) the finite loop-induced corrections to the couplings of Higgs bosons to b quarks, g
, and τ leptons, g
S,P
H j τ + τ − , due to the exchanges of gauginos and Higgsinos, as has been discussed in Section 2.
In the centre-of-mass coordinate system for the bb pair, the helicity amplitudes are given by 4) with β f = 1 − 4m 2 f /ŝ. Note that the cross sections for general (longitudinal or transverse) τ ± polarizations can be computed from the helicity amplitudes by a suitable rotation [40] from the helicity basis to a general spin basis.
The τ -polarization weighted squared matrix elements are given by 5) where ρ andρ are 2 × 2 polarization density matrices for the τ − and τ + , respectively:
Evaluating the trace in (3.5) yields
The τ + τ − production plane is depicted schematically in Fig. 2 , where the transverse polarization angles α andᾱ are also defined.
The coefficients C b n (n = 1 − 4) in (3.7) are defined in terms of the helicity amplitudes by
Under CP and CP T 4 transformations, the helicity amplitudes transform as follows:
Hence, the CP and CP T parities of the coefficients C b n defined in (3.8) are given by 10) where the first and second symbols in the square brackets are the CP and CP T parities, respectively. Consequently, the coefficients C Finally, for our phenomenological discussion in Section 4, we define the parton-level cross sectionsσ (3.11) where the intermediate state H collectively denotes all the H i → H j resonant transitions with i, j = 1, 2, 3. 
gg Fusion
The matrix element M gg for the process gg → H → τ + τ − , depicted in Fig. 3 , can be written as
In the above, a and b are indices of the SU(3) generators in the adjoint representation and k 1,2 and ǫ 1,2 are the four-momenta and wave vectors of the two gluons, respectively. Again, we denote the helicities of τ − and τ + by σ andσ with σ = + and − standing for rightand left-handed particles. The four-momenta of τ − and τ + are p 1 and p 2 , respectively, and
The Higgs-boson propagator matrix D(ŝ) was given in (3.2) and the loop-induced couplings of the Higgs bosons H i to two gluons are given by 13) with ε 0123 = 1. For the loop functions S g i and P g i , we follow the definitions of [34] . In the two-gluon centre-of-mass coordinate system with k 1 along the positive z direction and k 2 along the negative z direction, the wave vectors of two photons are given by 14) where λ = +1 and −1 denote the right and left gluon helicities, respectively. The helicity amplitudes are given by 15) where the amplitude σ; λ g is defined as
We note that the amplitude (3.15) has the same structure as the amplitude (3.3) for bb → τ + τ − , except for the overall constant. We obtain from the helicity amplitudes the polarization-weighted squared matrix elements given by 3.17) where the coefficients C g n are obtained by replacing σ; λ b → σ; λ g and interpreting λ as the gluon helicity in (3.8) .
Under the CP and CP T transformations, the helicity amplitudes transform as follows: 18) where the CP and CP T parities of the coefficients C g i are the same as those of the C b i . Finally, we define the parton-level cross sections as: (3.19) Note that the CP-and CP T-odd cross sectionσ 2 receives contributions from the absorptive parts of the H 1,2,3 gg vertices and Higgs-boson self-energies as well.
The last important mechanism for the production of the MSSM neutral Higgs bosons at the LHC is W + W − fusion [41] [42] [43] [44] . The matrix element M W W for this process, 20) where ǫ 1 and ǫ 2 are the polarization vectors of two vector bosons and g H i V V denotes the coupling of the Higgs boson H i with a pair of gauge bosons, as defined through the interaction Lagrangian (3.21) In the W + W − centre-of-mass coordinate system with k 1 along the positive z direction and k 2 along the negative z direction, the polarization vectors of two vector bosons are given by (3.22) where the polarization vectors are normalized by ǫ i (λ)·ǫ * i (λ ′ ) = −δ λλ ′ , and λ = ±1 and λ = 0 denote the transverse (right and left helicities) and longitudinal polarizations, respectively. In this frame, the helicity amplitude is given by 23) where the amplitude σ; λ W is defined by 24) with ω(±) = 1 and
The factor ω(0) becomes 1−ŝ/2M 2 W for on-shell vector bosons and dominates the amplitude forŝ ≫ M W .
One can then obtain the following averaged amplitude squared: 3.26) where the coefficients C W n can be obtained by replacing σ; λ b → σ; λ W and summing over λ = ±, 0 in (3.8) . The CP and CP T parities of the coefficients C W n are the same as those of C b n or C g n , and the parton-level cross sections are defined similarly aŝ 
Numerical Examples
We now present some numerical examples of CP-violating Higgs signatures in τ + τ − production at the LHC. As already mentioned, these signatures may be enhanced at large tan β, and three-way mixing is potentially important for small charged Higgs-boson masses. Since the prospects for observing H 1,2,3 → τ + τ − at the LHC are best for light Higgs bosons, we present in this section some numerical analyses in a specific scenario in which all the three Higgs states mix significantly.
Explicitly, we take the following parameter set:
and we consider two values for the phase of the gluino mass parameter M 3 :
• , CPsuperH yields for the masses and widths of the neutral Higgs bosons: 2) and for Φ 3 = −90
• :
respectively.
In Figs. 4 and 5, we show the parton-level cross sectionsσ i (bb → H → τ + τ − ), (3.11) , (3.19) In Fig. 4 , we observe that the cross sectionσ 2 , which quantifies CP violation in the production of longitudinally polarized τ -lepton pairs at the parton level, is comparable to the spin-averaged cross sectionσ 1 in W W and gg collisions. This implies that CP violation can be very large in these channels. Instead, in bb fusion, the ratioσ 2 /σ 1 is always less than 1%, so CP-violating effects in the production of longitudinally polarized τ leptons are unobservably small in this case.
The smallness ofσ 2 in bb fusion is a result of an intriguing interplay between unitarity and CPT invariance [27] . In detail, the CP-violating cross sectionσ 2 may be calculated bŷ 4) whereσ denotes the usual subprocess cross section. For the scenario under study, unitarity cuts of bb pairs dominate the absorptive part of the Higgs-boson self-energies. Employing this fact and the optical theorem, we obtain λ=L,Rσ
where C PS is a phase-space correction factor and T (τ
L,R ) denote the usual matrix elements. In (4.5),σ ′ 2 is the CP-violating cross-sectionσ 2 calculated by omitting the off-diagonal absorptive parts in the Higgs-boson propagator matrix D(ŝ). The size ofσ ′ 2 is smaller at least by a factor 10 than the spin-averaged cross-sectionσ 1 . On the other hand, CPT invariance imposes the constraint
With the aid of (4.6), it is not difficult to see using (4.5) that the CP-violating cross section σ 2 (bb → H → τ + τ − ) vanishes up to CP-violating terms suppressed by extra factors of order
Our numerical estimates presented in Fig. 5 show that the CP-violating transversepolarization cross sectionσ 4 may be quite sizeable for all production channels. However,σ 4 generically exhibits an alternating sign for bb and gg collisions, and CP violation becomes very small when we integrate over the whole Higgs-boson resonance region. Moreover, the transverse τ ± polarizations will be difficult to measure at the LHC because of the experimental conditions, notably the large boosts of the τ ± . On the other hand, analogous asymmetries might be observable intt production and/or in τ + τ − production at a µ + µ − collider.
The Higgs production channels via bb and gg fusion processes can be separated from the W + W − fusion channel by applying a number of kinematic cuts [45] including the imposition of a veto on any hadronic activity between jets [46, 47] . Therefore, we treat the contributions from bb and gg collisions to the physical Higgs-exchange process pp → H → τ + τ − X separately from those coming from W W fusion. More explicitly, the physical τ + τ − cross section can be computed by integrating the parton-level cross sections with the distribution of b quarks, gluons and W -bosons in the proton, (4.8) where τ is the Drell-Yan variable τ =ŝ/s and s is the invariant squared centre-of-mass energy of the LHC. In (4.7), we use the value K = 1 + αs(ŝ) π (π 2 + 11/2), ignoring the small difference between the K−factors for CP-even and CP-odd Higgs states. The effective luminosities for bb and gg collisions, L bb and L gg , may be determined by 9) where b(x, Q),b(x, Q) and g(x, Q) are the b,b and gluon distribution functions in the proton and Q is the factorization scale. In our numerical analysis, we use the leading-order CTEQ6L [48] parton distribution functions for b(x, Q) andb(x, Q), and the CTEQ6M parton distribution function for g(x, Q). We choose the factorization scale Q = √ŝ /4 for the b-quark fusion process as suggested and confirmed in [38] .
Correspondingly, in (4.8) , the effective luminosities for the transverse and longitudinal W -bosons, denoted as W ± T,L , can be computed in terms of effective densities
the colliding protons, which are in turn calculated in terms of the quark parton distribution functions q(x, Q) in the proton: 4.10) where the transverse (P = T ) and longitudinal (P = L) effective densities
in the quark q are given by [42, 43] 
Note that the summation over quark flavours q in the expression for
To analyze the signatures of CP violation in the production of longitudinally polarized τ -leptons, we first define the physical observables
Evidently, the total cross section for Higgs production and decay into τ + τ − pairs is given in terms of σ RR and σ LL by (4.13) Although the initial state pp is not symmetric under CP, it can, however, be shown that, up to negligible higher-order CP-violating electroweak effects, the effective luminosities for gg, bb and W + W − densities will be practically the same for pp andpp collisions. Therefore, the difference of cross sections
is a measure of genuine CP violation at the LHC. In analogy with (4.7) and (4.8), the CP-violating cross section ∆σ CP can be computed by
Here we consider identical polarizations for the W ± bosons in the W + W − fusion process.
To gauge the sizes of the signatures of CP violation at the LHC, we define the following two CP asymmetries: 17) pertinent to the hadron-level processes pp (bb, gg, W W ) → H → τ + τ − X.
We plot in Fig. 6 as functions of √ŝ . The upper two frames are for the process bb → τ + τ − , the frames in the middle for gg → τ + τ − , and the lower ones for
We observe that the the main production mechanism is bb fusion, which gives a cross section about five times larger than that due to gluon fusion for the scenario under consideration. However, as has been mentioned above, the W + W − -fusion production mechanism, albeit much smaller, can be experimentally distinguished from that due to bb and gg collisions. Therefore, in Fig. 7 we display the CP asymmetry a CP defined in (4.17) separately for the bb + gg and W + W − subprocesses. We note that the large CP asymmetry in gg subprocess is diluted by the dominant cross section via bb fusion 6 .
Although CP violation in the W W and gg production channels may be sizeable, it is difficult to measure the differential CP asymmetry a CP at the LHC because of the low energy resolution of the reconstructed τ + τ − invariant mass. This last fact also limits our ability to reconstruct with sufficient accuracy the line shape of the decaying coupled Higgsboson system at the LHC. This is unfortunate since one would miss the very interesting feature shown in Fig. 6 that, unlike the case of a single resonance, the locations of the various maxima in the resonant line shapes described by τ dσtot dτ crucially depend on the production and decay channels of the coupled Higgs-boson system. Therefore, the extra analyzing power of e + e − and µ + µ − colliders would be highly valuable for unravelling the existence of a strongly-mixed Higgs-boson system and studying in more detail its dynamical properties.
Motivated by the large differential CP asymmetry in the W + W − -fusion process, we perform a numerical analysis of the total CP asymmetry for the reaction pp(W W ) → H → τ + τ − , integrated over the Higgs resonance peaks. We present in Figs we display the dependence of the Higgs-boson masses and their decay widths on the CPviolating phase Φ A , where the solid, dashed and dotted lines refer to the H 1 , H 2 and H 3 bosons, respectively. In our numerical analysis, we fix the remaining parameters of the MSSM as in (4.1). Unlike in Figs. 8, 9 , and 10, we present in Fig. 11 numerical estimates by fixing the value of Φ A to −90
• , but varying the CP-violating phase Φ 3 . For the scenario under study, all three Higgs bosons mix among themselves significantly, giving rise to level crossings as the CP-odd phases vary. These effects of level crossing lead to a non-trivial behaviour in Γ H i , which is between 1 GeV and 10 GeV 7 , and in A W W CP . We find that the total cross section is between 0.1 pb and 0.7 pb and is comparable to the corresponding SM cross section 0.3 pb for M H SM = 120 GeV [45] . We observe that the CP asymmetry A W W CP is large for a wide range of CP phases and can even be as large as 80% for Φ 3 = −70
• . Even for small CP-violating phases, Φ 3 = −10
• and (180
• , the CP asymmetry can be ∼ 50%, as shown in Fig. 8 . Again, we note that possible uncertainties in the calculation of the cross sections largely cancel in the CP asymmetry A CP .
Finally, we comment briefly on the possible impact of low-energy constraints on the CP asymmetries, especially those arising from the non-observation of the electron and neutron EDMs and the absence of the Higgs-mediated B-meson decay B s,d → µµ at the Tevatron [49] . The EDM constraints may be considerably relaxed if we consider scenarios with the first two generations of squarks heavier than about 3 TeV, and if we allow some degree of cancellations [6] between the one-and higher-loop EDM contributions [50] . For the scenarios under study, we have estimated that the required degree of cancellation is always smaller than 80%, where 100% corresponds to complete cancellation. Therefore, a full implementation of EDM constraints will not alter the results of the present analysis in a significant way. On the other hand, the lack of observation of B s,d → µµ at the Tevatron [49] imposes further constraints on the parameters of the CP-violating MSSM. However, the derived constraints are highly flavour-dependent and can be dramatically relaxed for certain choices of the soft SUSY-breaking mass spectrum that enable unitarity cancellations in the flavour space. For a detailed study, see [9] .
Conclusions and Prospects
We have presented the general formalism for analyzing CP-violating phenomena in the production, mixing and decay of a coupled system of multiple CP-violating neutral Higgs bosons. Our formalism, which is developed from [27] , can be applied to models with an extended CP-violating Higgs sector, including the highly predictive framework of the MSSM with radiative Higgs-sector CP violation. An important element of the formalism is the consideration of the full s-dependent 3 × 3 Higgs-boson propagator matrix, where the gauge-mediated contributions to self-energies have been calculated in the framework of the Pinch Technique [30, 35] .
As an application of our formalism, we have studied in detail the production of CPviolating MSSM H 1,2,3 bosons viabb, gg and W + W − collisions and their subsequent decays into τ + τ − pairs at the LHC. In addition to the Higgs self-energy effects, we have also given explicitly the relevant formulae in the MSSM with loop-induced CP violation in the production and decay vertices. We have considered specific MSSM scenarios that predict three nearly degenerate, strongly-mixed Higgs bosons with M H 1,2,3 ∼ 120 GeV. Such scenarios naturally occur in a general CP-violating MSSM when tan β is larger than 30 and the charged Higgs boson is lighter than about 160 GeV.
We have analyzed CP asymmetries in both longitudinally-and transversely-polarized τ + τ − pairs. CP asymmetries that make use of the transverse polarization of the τ -lepton, although being intrinsically very large in the CP-violating MSSM scenarios mentioned above, generically exhibit an alternating sign and become unobservably small after averaging over the entire Higgs-boson resonant region. Also, reconstruction of transversely polarized τ leptons appears rather difficult at the LHC. However, such CP asymmetries might ideally be tested at a µ + µ − collider, where a high energy resolution can be achieved.
At the LHC, more promising are CP asymmetries based on the longitudinal τ -lepton polarization. In particular, the CP asymmetry in the production channel
− may well exceed the 10% level and reach values up to 80%. It is important to stress again that the W W production channel can be cleanly isolated from the gg and bb channels, mainly by vetoing any hadronic activity between jets (for details, see [45] ). Hence, depending on the efficiency of longitudinal τ -lepton polarization techniques [51] , the production channel 
in pb as functions of √ŝ . The solid lines are for the three-Higgs mixing scenario with Φ 3 = −90
• and the dashed ones with 
